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SIMEON REICH 
.A special case of our main theorem, when combined with II known result of 
Brezis and Paz)-, shows that in reflexive Banach spaces with a uniformly Giteaus 
differentiable norm, resolvent consistency is ecl~~ivalent to convergence for 
nonlinear contractive algorithms. (The linear c~lse is due to Cherno~.) ‘I’hc 
proof uses ideas of Crandall, Liggett, and Baillon. Other applications of our 
theorem include results concerning the generation of nonlinear semlgroups 
(e-g.3 :L nonlinear Hille-Yosida theorem for “nice” Banach spaces that includes 
the familiar Hilhert space result), the geometry of Banach spaces, extensions of 
accretivc operators, invariance criteria, and the asymptotic hehwior of nonlinwr 
semigroups and resolvents. The equivalence bctwccn resol\,ent consistency ,md 
convergence for nonlinear contractive algorithms seems to be new wren ill 
Hilhert space. Our nonlinear Hille-Yosida theorem is the first of its kind 
outside Hilhert space. It estahlishcs a biunique correspondence between w- 
zccrrtive operators and semigroups on nonexpansive retracts of “nice” ll:rn:wIl 
spaces ;tnd provides :Ifirmative answers to two questions of I&to. 
hTKOIX7CTION 
According lo the classical I,as equivalence theorem [2(3] for weil-posed 
linear initial-value problems, stability is equivalent to convergence for consistent 
algorithms. However consistency is not a necessary condition for convcrgencc. 
Chernoff [13, Theorem I.11 proved that for contracti\-e linear algorithms, 
resolvenr consistency is equivalent to convergence (see also [25, p. 511; 14. 
Theorem 3.11). When combined with a know-n result of Brezis and Pazy [X, 
Theorem 3.21, a special case of our main result, Theorem 2.1, shows that in 
reflexive Banach spaces with a uniformly GIteaux differentiable norm, resolvent 
consistency is equivalent to convergence for nonlin~~v contractive algorithms. 
The proof of Theorem 2.1 is presented in Section 2. It uses ideas of C’randall 
and 1,iggctt [I 51 and Baillon [I]. The first section contains background material 
* Parti:rlly supported by the National Science Foundation under Crnnt X’ICS 78.02305. 
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and preliminary results. Sections 3, 4, and 5 are devoted to other applications 
of Theorem 2.1. 
In Section 3 we find (strong and exponential) generators of nonlinear con- 
tractive semigroups. This might be of interest in view of recent results con- 
cerning the Trotter-Lie and other product formulas [ 14,3 1,4143]. Theorem 3.1 
is an extension of [l, Theorem 31. Proposition 3.2 is a nonlinear version of 
[13, Theorem 3.71. Theorem 3.4 is a generalization of the Hille-Yosida theorem. 
It establishes a biunique correspondence between m-accretive sets and semi- 
groups on nonexpansive retracts of “nice” Banach spaces. It includes the 
familiar Hilbert space result [17] b ecause every closed convex subset of a 
Hilbert space H is a nonexpansive retract of H. It also provides affirmative 
answers to two questions of Kato [26, Questions 9.1 and 9.21 (cf. [4]). 
Theorem 4.1 shows that a nonexpansive retract of a regexive Banach space E 
with a uniformly Gateaux differentiabie norm is, in fact, a szcnny nonexpansive 
retract of E. This improves upon [lo, Theorem 2(a)] and settles a problem that 
was left open in [36]. Theorem 4.2 is a new positive result on the possibility 
of extending accretive sets to m-accretive sets. It yields information on the 
asymptotic behavior of nonlinear semigroups. 
Section 5 contains additional results and remarks on invariance criteria 
for nonlinear semigroups, compact semigroups, iterative methods, and the 
asymptotic behavior of resolvents. 
Both Theorem 2.1 and Corollary 2.2 (the equivalence between resolvent 
consistency and convergence for nonlinear contractive algorithms) seem to be 
new even in Hilbert space. Theorem 3.4 is the first nonlinear Hille-Yosida 
theorem outside Hilbert space. Its proof is different from the Hilbert space 
proof. The proof of Proposition 3.2 provides a simple proof of Chernoff’s 
linear result. Theorem 4.2 is also established by a new method of proof. 
1. PRELIMINARIES 
Let (E, 1 . I) be a real Banach space, and let U = {x E E: 1 x 1 = 1) be its 
unit sphere. The norm of E is said to be GIteaux differentiable (and E is said 
to be smooth) if 
$y (I x + tY I - I x o/t (1.1) 
exists for each x and y  in U. It is said to be Frechet differentiable if for each x 
in U, this limit is attained uniformly for y  in U. The norm is said to be uniformly 
Gateaux differentiable if for each y  in U, the limit (1.1) is approached uniformly 
as x varies over U. Finally, it is said to be uniformly FrCchet differentiable 
(and E is said to be uniformly smooth) if the limit is attained uniformly for 
x, y  in U x U, A discussion of these and related concepts may be found in 
[19, p. 1471. 
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Section 2 will be devoted to a proof of a theorem for reflexive Banach 
spaces with a uniformly Gateaux differentiable norm. Since the dual E” of E 
is uniformly convex if and only if the norm of E is uniformly FrCchet diffei-- 
cntiable, every Banach space with a uniformly convex dual is reflexive and has a 
uniformly Gateaux differentiable norm. The converse is false. To see this, 
consider the direct sum E = ES(&) rh u ere 1 < p, < CO for each ?z. If  either 
lim inf _r p, m= I or lim SU~,~+ p, = co, then E is reflexive and the norm of I:’ 
(and E’*)‘is both FrCchet and uniformly Gateaux differentiable, but E is not 
even isomorphic to a uniformly smooth space [I 81. Also, every separable Banach 
space has an equivalent uniformly Gateaux differentiable norm [45, 1’. 4291. 
(There are, of course, nonseparable spaces with a uniformly Gateaux differ-- 
entiable norm.) There is, in fact, a reflexive Banach space with a basis with 
no superreflexive infinite-dimensional subspace [30, p. 971. Spaces with ;r 
uniformly GQteaux differentiable norm were previously used, for- csamplc. 
in [27, p. 300; 46, p. 30; 35, p. 631. 
Let D he a closed convex subset of E. A mapping 7’: 1) -+ E is said to 1~ 
nonexpansive (or a contraction) if 1 TX - T-v c. I .X ~- J’ for all .v and I‘ 
in D. A closed subset C of D is called a nonexpansive retract of II if therv 
exists a retraction of D onto C which is nonexpansive. Note that every closed 
convex subset of E is a nonexpansive retract of I!‘ if and onI!- if E is either 
two-dimensional or a Hilbert space. Nonexpansive retracts have been recenti\? 
studied and used, for example, in [3, 9, 12, 20, 371. 
We prepare now two lemmas which will be used in Section 2 (cf. [I]). 
LEMMA 1. I. Let -v,~ be a bounded sequence contained in a separable subset 
D of a Banach space E. Then there is a subsequenre {j,,,,,,] of [T,,.] sue-h that 
lim L-v j v,,~ - z ) exists for all z E D. 
Proof. Let (a,) be dense in D. By a diagonal argument we obtain a sub- 
sequence [mk] such that f (an) = lim,,_, j y,,,, - z, exists for all n. Suppose 
z E D and let z = lim,.,= z,~&. To show that lim,, -T .-Y,,, I; -~ z exists, we first 
note that 11 x,~,~ - znt 1 - j yr,,* - z,,~ I] so / z, - Sj , so that 
,/(z,) < i z,,, - zn, j, and a = lim,-, f(zn,) exists. Since 
.f(zn 1 
we also have 
and the result follows. 
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Recall that the (normalized) duality map from E into the family of nonempty 
(by the Hahn-Banach theorem) weak-star compact convex subsets of E* is 
defined by 
J(X) = {x* E E”: (x, x*) = j x i2 and 1 x* j = [ x I} 
for each x in E. I f  E is smooth, then J is single valued. 
LEMMA 1.2. Let D be a closed convex subset of a real Banach space E with 
a un$ormly GBteaux difJerentiable norm, and let {yVL} be a sequence in D such 
that f(x) = lim,,, 1 ym - z 1 exists for all z E D. If f attains its minimum 
over D at u, then lim sup,,,,(z - u, J(y,,, - u)) < 0 for all z E D. 
Proof. For z in D and 0 < t < 1, we have 
I Ym - u ,2 = I ylll - tu - (1 - t)z -t (1 - t)(z - U)i” 
> 1 y,n - tu - (1 - t)z 1s + 2(1 - t)(z - U, J(ym - tu - (1 - t)z)). 
Let E > 0 be given. Since the norm of E is uniformly Giteaux differentiable, 
the duality map is uniformly continuous on bounded subsets of E from the 
strong topology of E to the weak star topology of E*. Therefore, 
16 - 4 /(VU! - tu - (1 - t)z) - J(Y,& - u))] < c 
if t is close enough to 1. Consequently, 
(z - u, /( ym - 4) < E + (2 - u, J(Ym - tu - (1 - 04) 
<et 2(1 y q {I Ym - u I2 - I ym - tu - (1 - t)z I?, 
and 
lim sup (z - u, J(y,,L - u>) < E + q& {f”(u) - f2(tu + (1 - t)z)> < E. 
7,2+* 
This completes the proof. 
The convex hull and the closure of a subset B of E will be denoted by co(B) 
and cl(B) respectively. 
I f  i2 is a subset of E x E and s is in E, we let Ax = {y E E: [x, y] E A)- and 
D(A) = {,x E E: Ax # a>. The range of A is R(A) = lJ {Ax: x E D(A)} and 
its inverse is defined by Ap’y 72 (X E E: y  E Ax). A is called accretive if for 
each xi t D(A) and each y2 E Axj , i = I, 2, there existsj E J(x, - x2) such that 
(Yl - y2 , j) 2 0. A is accretive if and only if for all xi E D(A), yi E Axi , 
i = I, 2, and Y > 0, / x1 - xp j < / .x1 - ?cg + r(y, - y2)l. A set B C E x E 
is said to be an extension of .4 if D(A) CD(B) and Ax C Bx for x E D(A). 
Let D be a subset of E and A an accretive set with D(A) C D. A is said to be 
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maximal accretive in D if there is no proper accretive extension B of A with 
D(B) C D. Let 1 denote the identity operator. An accretive set is m-accretive 
if R(I I- 14) == E. (It th en follows that R(I + ~-4) 7:. E for all Y .> 0.) I f  I I 
is accretive, one can define, for each positive r, a single-valued mappin: 
J,: R(I + r-4) -+ D(A) by 1,. = (1-c ~4))~. It is called the resolvent of -1. 
‘The I-osida approximation of i4, .4,.: R(I Y--I) ~--t E, is dcfinrd hy .-I, 
(I -- jr) ‘l.. 
A semigroup (of nonlinear contractions) on a subset (“C I:‘ is a functioxi 
.5’: [0, Y_‘) < (‘ --+ C satisfying the following conditions: 
qt, 1 t,)x = S(t,) s(L).? for 1, 1, 0 and .X t (‘: 
S(t)s - S(t)?’ 2.; .Y - j’ f;,r t ’ 0 and s, J‘ r (‘; 
S(O)x = s for s E ( ‘; 
S(t).v is continuous in f  ‘m 0 for each .Y r C’. 
I f  4 is accretive and R(I + ~4) 1 cl(D(A)) f  or all r ,-> 0, then there exists 
a semigroup S on cl(D(A)) such that for each .V e cl(D(.4)) and f  ‘, 0, 
(!.3) 
uniformly on compact t intervals [1.5]. 
Finally, we mention a few examples of accretive operators and nonexpansive 
retracts in LA’ spaces, 1 < p < ~3. Let ,R be a maximal monotone graph in R’. 
and let 0 be a bounded domain in R” with smooth boundary ?.Q. With appro- 
priate domains, the operators A,u == -Au ~~ P(U) with homogeneous Neumann 
houndarv condition, and A,u = -Au with -k/En t S(U) on KS’, are accretil-e 
in L!‘(R). The operator A4,u -= -& (?/?x,)( i’U i’x, r ’ i’uji’x,) is also 
accretive for y  .> 1. In addition to the L” spaces, other uniformly smooth 
and smooth function spaces (e.g., Orlicz spaces) arise in applications. Accreti\,c 
operators occur in such spaces too. (See, for example, I,&, c. R. ,-lead. Sci. 
Park 283 (1976) 469-472.) A 1 c osed linear subspace of 1,” is a nonexpansive 
retract of the space if and only if it is isometric to another L” space. The w 
if~L,fl(R): ‘,f(x)i z< 1 a.e. in Q} and the positive cone in 1,” are nonexpansi\~e 
retracts of L”. The set [f~ H,,‘(O): Vi(x)’ 1 a.e. in G?) is also a noncxpansi\-c 
retract of P(Q), p > 2. More examples can be found in the references WC 1~1~~~ 
Jreadv mentioned. 
2. RESOLVENT CONSISTEWT 
In this section we prove the following result. 
'I'HEOREM 2.1. Let E be a reflexive Banach space zuith a uniform& G&eau.v 
d~~erentiable IIOYM, D a closed convex subset Ef FT:, and C a nonexpansive retract 
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of D. Let F(t): D -+ C, 0 < t < co, be a family of nonexpansive mappings with 
F(0) = I on C such that F(t)x is continuous in t 3 0 for x E C and in t > 0 
for x E D. If 
$+i F(t/n)“x = S(t)x (2.1) 
exists for each x E C unz$ormly on compact t intervals, then 
G& (I + ; (I - F(t)))-’ x = JAx (2.2) 
exists for each x E D and A > 0. 
Proof. We first note that (I + (h/t)(I - F(t)))-lx does exist for all x E D 
and positive A and t. To see this, define T: D ---, D by Ty = (t/(h + t))x + 
(h/(h + t))F(t)y, y E D. T has a unique fixed point y,,t = (I + (A/t)(I - F(t)))-lx. 
For a fixed A, yA,t will be denoted by yt . 
We also observe that we may assume that D is separable. To see this, 
define K,, = {x}, K,+r = co(Kn u (F(t)y: y E K,, and t > 0}), and K = 
cl(U{&: 71 > 0)). KC D is closed, convex, separable, and invariant under T. 
Therefore, { yt} C K and we may replace D with K and C with K n C. 
Next we show, by induction on k, that for each fixed x E C and k 3 I, 
F(t)kx is continuous in t. Suppose this is true for k. To prove continuity for 
k + 1, note that 
1 F(t)“+‘x - F(t,) k+lx ) < j F(t) F(t)Lx - F(t)F(@x 1 
+ I F(t) F(tc+ - F(h) F(Wx I 
< 1 F(t)% - F(@x 1 + 1 F(t)F(tJkx - F(t,) F(@x j. 
For T > 0 we define 
a( T, x) = sup{1 F(t)“x - x I: 0 < kt < T). (2.3) 
We claim that limr,,, a( T, x) = 0 for x E C. If not, there is a positive E and 
sequences {k,), {t%} such that k,t, --f 0 and I F(t,J+x - x I > 6. Clearly t, -+ 0. 
If {k,} remains bounded, then we immediately reach a contradiction. Therefore, 
we may assume that k, -+ co. But then 
I FWknx - x I < I F(GJk)Rn x - S(k,t,)x 1 + I S(k,t,)x - x I < E 
for n large enough, by (2.1) and the continuity of S in t. 
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Our next step is to prove that {yJ remains bounded as t ---f 0-+. Since 
F(t) y, =y (I + t/A) yt - (t/A)x, we have for k > 0, 
I yt - F(t)“x j 2 I F(t)y, - F(t)k+lx 1 
-: I(I + f) ’ (yt - F(t)“%) r ; (F(t)” -1x .- x) / 
-, I yt - F(ty+‘r I $ ; / yt - F(1)” ‘I j ~- : I F(t)f*+‘x - r 1 
2 / y, - F(t)@‘x I A ; j J’r -- x I - ; I F(f)k”.x - x 1. 
Fix a positive T, define an integer n 7~ n, and tit by T ~~ nt ~-- a, , 0 .c; mt =L t, 
and let P: D + C b e a nonexpansive retraction. For 0 5: k -.. n - I we have 
I iqtyx - .r 1 c; : F(t)% - F(t)” Px j -J- / F(t)k Ps - Px ’ ~1. j Px - x i 
<21x- P.Y +ol(T,Px), 
so that 
I J’, - qtyx j 
-,: I ?‘I - F(t)k’lx j - F I x - P,Y I - 2; a( I’, Px) + ; / yt - .Y 1. 
Summing from k :: 0 to k = rz - I, we obtain 
1 J’< - x / 3 / ?‘t - F(t>“x 1 - F / .x- - Px ( - $J oc(T, Px) -$- $ ( ?‘, - ,x / 
:2 / yt - x 1 - 2 1 s - Px I - a( T, Px) -- ‘$ 1 .r - Px / 
- $~(T,Px)+f+.xj. 
Thus 
/y,-.sI 4;(2~.~-P.~~+a(T,Px))--4~.x--Px~ 2o((T, Px), 
and 
lim sup / y, - x I < 12 + $1 a(T, Px) + 14 +- gj I x - Px I. (2.4) 
f *o+ 
Now let {ytmj be a subsequence of {yt) with t,, + 0 such that f(a) := 
lim ,,,---I ?‘I,* - z j exists for all z E D. We claim that f  attains its minimum 
over D at a point in C. 
To see this note that since 1 f(zr) - .f(z,)i < 1 zr - z2 1, f  is continuous. 
It is also convex andf(z) - so as j .a 1 + co. Therefore, f  attains its minimum 
at u E D. We also have yt - Pyt = F(t) yt - Py, - (t/A)(yt -- x), and 
/ F(t) yt - Py, ( < I ,F(t) yt - y, / = (t/h) ; yt - x 1. Thus I yt -- Pyt 1 < (2t/h) 
IYt - .3  ^--+t+O+ 0. Consequently, I yl,, - Pu j : ytnj - Py,,, ~ .- yt,” - u ‘, 
and .f(Pu) < f(u). 
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Let w belong to C. For 0 < R < n - 1 we have 
I yt - F(t)“w 12 3 j F(t)yt - F(t)k+lw 12 
2 
= yt - F(t)“+lw + ; (yt - x) 
> I yt - F(t)k+l~ j2 + p (yt - X, /(yt - F(t)k+l~)). 
Hence 
p g1 (Yt - XT J(Yt - F(Vw)) < I yt - w I2 - / yt - F(t)“w I2 (2.5) 
We will now show that if t,, -+ 0, then there is a subsequence of {yt,} that 
is strongly convergent. 
By Lemma I .I there is a subsequence of {yt,}, which we denote by {y,,}, 
such that f(z) = lim,,, 1 ylll - z ) exists for all z E D. Letf attain its minimum 
over D at u E C. We again let T be positive and define n, by T = nmtm + a,,, , 
where n,, is an integer and 0 < OL,, < t, . Now we note that for w E C, 
(Yt - x> J(Yt - w)) - (Yt - 27 J(Yt - qvw)) 
= j yt - w 12 + (w - x, J(yt - w)) - j yt - qtyw 12 
- (F(t)hw - 2, J(yt - F(t)b)) 
= {I Yt - w I - I Yt - Wkw IH Yt - w I + I Yt - F(t)‘“w I> 
+ (w - x, J(yt - w) - J(Yt - qt)“w)) - (W>liw - w, J(Yt - qt)“w)). 
Thus, given E > 0, 
KYt - x*, J(Yt - 4) - (Yt - x, J(Yt - qt)“w))l 
G 47 4 n/l, + i(w - X, J(yt - 4 - J(yt - F(t)7q)l 
+a(T,w)M, <E if T is small enough. 
Applying the above to w = u and using (2.5), we obtain for small enough T, 
2(T ; am) (YIIL - x, J(3’m - 4) 
2t,n, 1 % 
= 7 n, g1 (Ym - x, J(Ym - u)) 
< 
2t,n, 1 % 
~- n,, g1 (Y7n - XT l(Y*n - q&Jw) + 2* 6 h 
< I ym - u I2 - 1 ym - F(tJmu I2 + 7 E. 
By (2.1) we also have lim~,r+mF(t,,)n~~~ = S(T)u. 
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‘Thus (2 T/X) lim supn,&,,~ - x, J( Y,,~ - 24)) &f“(U) -.f”(S(T)u) ~- 27-c/h 
27;th, so that lim sup,,-,(y,,, - x, J(yT,( - u)) ; 0. Since .x t I), we also have, 
I>!+ Lemma 1.2, lim sup,,(,,,(x - 24, j(j~~,~ --. 24)) r 0. Hence lim sup,,,-. 
~ .\‘m .-~ 24 ” 0, and {JJ,,,> is strongly convergent to II. 
For Y I- 1) and positive S, define z, =- (I (Xs)(f ~ LS(s)P))--l.~. It is not 
difficult to set that S, as defined by (2.1), is in fact :I semigroup. Therefort 
by what we have proved so far (with F(t) replaced I,!- S(t)l’), there is a sequcncc 
jz,,~ convergent to zero such that v  = the strong lim,, z, exists. 
Sow suppose that the strong lim,,,_,, yi,,, u. \Vc ccm~pl~~te the proof of the 
tlleorem 1);; showing that u == 2’. 
To this end, let c > 0 be given and detinc integcra ;w,,,: h!. 0 ‘l’ 
)I ,,t,,, l., . 0 ‘X,,, c: t,,, For I -: k ‘. 71,. \vc’ tiavc 
and since ‘i‘ F C’, 
(‘onsequcntl!, 
I(y, ,, - ,Y, /(y,,, - F(t,)k P&J) - (24 --- .\‘, ,/(u -- 7,)) c. c 
if f,,, s,, and T are small enough. It follows that 
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This last inequality holds for all small enough T and s, . Choosing T = sg , 
we obtain 
and 1 u - v  I2 ,< E. Thus u = v  and the strong lim,,,,+ y, exists. This completes 
the proof. Note that the proof that u = v  is valid in any smooth E. 
The last part of the proof also shows that lim,,,+(l + (h/t@ - F(t)))-lx = 
b,,+(~ + (W)(l - S(W))-l x f  or all x E D, ;\ > 0, and nonexpansive retrac- 
tions P: D ---f C. (In this connection, see also the remarks at the end of 
Section 4.) 
A smoothness assumption on E is necessary for the conclusion of Theorem 2.1 
to hold l-16, p. 2721. We do not know, however, if uniform GBteaux differ- 
entiability can be replaced by GLteaux differentiability. 
The assumption that each F(t) is a nonexpansive mapping can be replaced by 
the assumption that / F(t)x - F(t)y / < M(t) 1 x - y  ) for x and y  in D and 
t > 0 with M(t) = 1 + wt + o(t) as t --t 0+ for some w 3 0. In this case, 
(2.1) implies that the limit (2.2) exists for each x E D and /\ > 0 such that 
Xw < 1 [4O]. Also a somewhat different proof shows that continuity in t of 
F(t)x is required only for x E C. 
Using the limit (2.2) we define A C E x E by 
Clearly D(A) C C and R(I + /\A) 3 D for all h > 0. For x E C, (2.4) yields 
( JAx - x j < (2 + h/T) a( T, x) for all T > 0. Thus lim,,, J,+x = x and 
cl(D(A)) = C. Note that yA,t is the resolvent of (I - F(t))/t evaluated at X. 
Thus 
I Y&5) - Yu.t(Xz)I 
< ) yn,Jx,) - Y&(X2) + Y ( *l - pxl) - x2 - ;.t(x2J )I 
for all T > 0. It follows that A is accretive. JA is its resolvent (on D) and ---A 
generates S via the exponential formula (1.2). 
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Combining Theorem 2.1 (with C = D) with [8, Theorem 3.21, we see that 
convergence (2.6) is equivalent to resolvent consistency (2.7) for contractive 
algorithms F(t). The linear case is due to Chernoff [I 3, Theorem I .l] (see also 
[25, p. 511; 14, Theorem 3.11). 
C'OROLLARY 2.2. Let E be a reflexive Banach space with a uniformly Gdteaus 
diSferentiable norm, and C a closed convex subset of E. Let F(t): C +. C, 0 < t <:I 4~. , 
be a continuous family of nonexpansive mappings with F(0) = I. Then the following 
arc equivalent. 
$5 F(tjn)nx := S(t)x (2.6) 
exists .for each x E C uniformly on compact t intervals; 
;lt (1 + f  (I - F(t)))-’ x IAt (2.7) 
exists for each x E C and h > 0. 
J,, is the resolvent (on C) of an accretive A, and -A generates the semigroup 
S via the exponential formula (1.2). 
Both Theorem 2.1 and Corollary 2.2 seem to be new even in Hilbert space. 
It can bc shown that Theorem 2.1 itself has a converse which is valid in all 
Banach spaces. Note that C, the domain of the semigroup S, need not be convck 
in general. For example, let E be R2 with the maximum norm and let C 
{(s, 0): x < O} LJ {(x, x): x 3 01. C is a nonexpansive retract of E, but it ih 
not convex. Theorem 2.1 enables us to find an exponential generator of S 
directly ft-om F even if it is not known a priori. This is of interest in view of 
recent results and examples concerning the Trotter-Lie and other product 
formulas. (See, for example, [14, 41, 431.) Theorem 2.1 also shows that the 
use of resolvent consistency by Kate and nlasuda [J. Math. Sot. Jpn. 30 (1978), 
169-l 781 is in some sense necessary. Note also that by the proof of Theorem 2.1, 
the limit in (2.2) does not really depend on F, but only on S. This fact will be 
used in the sequel. 
3. GENERATORS OF SEMIGROUPS 
Recall that the strong (negative) generator A, of a semigroup 5’ is defined 
by A,x = lim,,,+(x - S( ) )/ . I k t x t t IS nown that when Theorem 2.1 is applied 
to the case C = D and F = S, it yields the following extension of [I, Theo- 
rem 31. We include a proof for completeness. 
THEOREM 3.1. Let E be a reflexive Banach space with a uniformly GBteaux 
ctferentiable norm, and C a closed convex subset of E. Zf S is a semigroup on C, 
then the domain of its strong generator is dense in C. 
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Proof. For positive T, let T = tn, + at where n, is an integer and 0 < 
at < t. For 1 < K < n, , we have ) S(Rt) yt - yt / < ( S((K - 1)t) yt - 
~~~~~YtI+l~~~~--I)~~Yt-Ytl,oYt--S(~)YtI+I~((~--)~)yt-ytI = 
(t/h) 1 yt - x / + / S((K - I)t) yt - yt 1. Summing, we obtain I S(T - q) yt - 
yt / < (T/A) jyi - x 1, so that 1 S(T) JAx - J+ J < (1 Jnx - x i/X)T. This 
means that s(t) Lx is Lipschitzian, hence differentiable almost everywhere. 
Given x E C and E > 0, we first find h such that / J,,x - x / < ~12, and then 
a small enough t, such that s(t) J,,x is differentiable at t,, and ] s(t,) Jnx - 
JAx ] < 42. We obtain I A’(t,) Jnx - x / < E and s(t,) Jnx E D(A,). 
We also note that --A, generates S via the initial-value problem 
u’(t) + A,u(t) = 0, u(0) = x, x E D(A,). 
Recall that JA is the resolvent (on D) of the accretive set A C E x E defined by 
A = go l[JAX, x-AJAf]:XtDj. (3.1) 
To show that A u A, is accretive, we observe that, more generally, A uF, is 
always accretive, where F, is defined by F,,x = lim,,,+(x - F(t)x)/t. To see 
this, note that 
for all positive Y. Consequently, 
for all r > 0. 
In particular, F, CA if D = E. This leads to the following partial extension 
(and a different proof) of [13, Theorem 3.71. 
PROPOSITION 3.2. Let E be a reflexive Banach space with a unz~ormly Gdteaux 
dtjferentiable norm, and F(t): E -+ E, 0 < t < co, a continuous family of non- 
expansive mappings with F(0) = I. Assume that lim,,, F(t/n)“x = S(t)x exists 
for each x E E uniformly MZ compact t intervals, and let the (exponential) generator 
of S be dejined by (3.1). Then A is an extension of F, . 
We remark in passing that if both E and E* have FrCchet differentiable 
norms, A and B are two single-valued m-accretive operators, and F(t) = 
SA(t) Se(t), then F,x = Ax + Bx for x E D(A) n D(B). If  F(t) = JtA JtB, then 
(A may be set-valued) F,,x = (Ax + Bx)O, the point of least norm in Ax + Bx. 
We also see that a strong generator of a semigroup on a closed convex subset 
C of a reflexive Banach space with a uniformly Gateaux differentiable norm can 
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be extended to an accretive A that satisfies R(I --- AA) 3, C for all h 3, 0, with 
D(A) C C. Such a semigroup S has a unique (exponential) generator -A such 
that -4 =: u&[JAA~, (X - jAA~)/A]: x E C). To see this, note that if both 
-A, and -A, satisfy the above equality and generate S via the exponential 
formula (1.2), then for x E C, 
((If. the proof of Theorem 5.1.) 
I'ROPOSITIOK 3.3. Let E be a reflexive Banach space with a uniformly GGteau.\ 
dtgerentiable norm, and C a nonexpansizje retract of E. If  S is a semigroup on C. then 
there is a unique accretive A C E >< E such that cl(D(A)) == C, R(I -1 XA) I:’ 
*for all X :- 0, and -A generates S via the exponential formula. 
Proof. ‘The existence of such an A follows from the case D -2 E of Theo- 
rem 2.1. If  both -A, and -A, generate the same S, then their resolvents, 
Jfl and J$p, are both equal to lim tAo+(I -+ (Ajt)(I - S(t)P))-l where P: 6 ---f C 
is a nonexpansive retraction. Therefore, if JJ E Aql~, then .s J:~(.v -~ -1~) 
J,“~(x + )I), y  = x /- y  - &‘z(x {- JJ) belongs to -Q, and -dl -=- .q2 . 
We now present a generalization of the Hille-Yosida [23, 441 theorem to 
nonlinear semigroups on nonexpansive retracts of certain Ranach spaces. It 
includes the familiar Hilbert space result [17, Appendix] because every closed 
convex subset of a Hilbert space H is a nonexpansive retract of Ii. 
I:or a subset B of E we denote by 1; B 1’ the distance between B and the origin, 
and let 0” ~~~ [,v E- B: 1 x :- 1’ B ,i). I f  A C E >~ E. .-I” is defined by N’,r = (-4x)“. 
THEORFM 3.4. Let E be a Banach space. A4ssume that the norm of E is unifom~~* 
GBteaux d$ferentiable and that the norm of its dual E  ^ is Fr~chet cilferentiable. 
(a) If  4 C E x E is m-accretive, then C = cl(D(A)) is a nonexpansiz*e 
retract of E, --A generates a semigroup S on C (zlia the exponential .formula), 
and the strong (negative) generator of S is AO. 
(b) !f  C is a nonexpansive retract of E and S is a semigroup on C, then 
there is a unique m-accretive A C E x E such tlrat --A generates S (via thr 
e.yponential formula), cl(D(,4)) =- C, and A0 is the strong (negative) generator qf 5’. 
(c) A,, is the strong (negative) generator of a sem&oup S on a nonexpansivt 
retract C of K if and onl? [f A, --- a40 for an m-accretiw .4 C E Y E sucI7 
that C cl(D(d)). 
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Proof. If E* has a Frechet differentiable norm and A C E x E is m- 
accretive, then the proof on p. 382 of [7] shows that cl(D(A)) is convex (cf. 
[21, p. 5601). It follows [37, Theorem 2.31 that cl(D(A)) is a nonexpansive 
retract of E. -A generates S on cl(D(A)) via both the exponential formula 
and the initial value problem. The last part of (a) is essentially known. (b) follows 
from Proposition 3.3, and (c) follows from (a) and (b). 
Theorem 3.4 establishes a biunique correspondence between m-accretive sets 
in E x E and semigroups on nonexpansive retracts of E. It also provides 
affirmative answers to two questions of Kato [26, Questions 9.1 and 9.21 (cf. [4]). 
It is the first of its kind outside Hilbert space. Our proof is different from 
the Hilbert space proof. In (b), for example, we do not extend A, ; instead 
we construct A directly. In connection with (a), see the last example in Section 5. 
4. EXTENSIONS OF ACCRETIVE OPERATORS 
Let D be a closed convex subset of a Banach space E, and C a closed subset 
of D. A retraction P: D -+ C is said to be sunny (a projection in [IO]) if for 
each x E D, P(x) = v implies that P(v + r(x - v)) = w whenever v + Y(X - V) 
belongs to D and r > 0 [35, p. 641. If there exists a retraction P: D --f C which 
is both sunny and nonexpansive, then C is said to be a sunny nonexpansive 
retract of D. 
THEOREM 4.1. Let D be a closed convex subset of a refexive Banach space 
E with a uniformly Gdteaux dajierentiable norm. If C is a nonexpansive retract 
of D, then it is, in fact, a sunny nonexpansive retract of D. 
Proof. Let P: D + C be a nonexpansive retraction. We apply Theorem 2.1 
with F = P. For each x E D, denote lim,,,+(l + (l/t)(l - P))-lx = lim,,,, yt 
by Qx. Since ( yt - Py, , J( yt - u)) 3 0 f or all u in C, (Qx - x, J(u - Qx)) 3 0 
for all u E C and x E D. By [35, p. 64; 10, p. 3481, Q: D + C is both sunny 
and nonexpansive. 
Theorem 4.1 improves upon [lo, Theorem 2(a)]. It shows that the open 
problem mentioned in [36, Note added in proof] has a positive solution, and 
that Proposition 2.1 and Theorem 2.2 of [36] (as well as [34, Theorem 1 .I]) 
are true as stated. It will be also used in our next result. Sunny nonexpansive 
retracts also appear, for example, in [ll, 22, 24, 391. 
THEOREM 4.2. Let E be a reflexive Banach space with a norm that is both 
unayormly G&eaux and Frtkhet differentiable, and let A be an accretive set in 
E x E such that R(I + rA) 3 cl(D(A)) for all positive r. I f  cl(D(A)) is a non- 
expansive retract of E, then A can be extended to an m-accretive set B with 
D(B) C cl(D(A)). 
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Proof. We first extend A to a maximal accretive set in cl(I)(A)) which WC 
continue to denote by A. Since the norm of E is Frechet differentiable, this 
set is demiclosed. We already know, by Theorem 4.1, that cl(D(A)) is, in fact, 
a sunny nonexpansive retract of E. Let P: E - cl(I)(A)) be the unique sunny 
nonexpansive retraction of E onto cl(D(A)), and let JA be the resolvent of A. 
We apply Theorem 2.1 to F(t) = JtP. For X > 0 and x E E, let 
-yt = (I + f (I - J,Pf ’ s> 
denote lim,,,, y, by JnBx, and let 
B is m-accretive. We wish to show that B contains -4. To this end, fix A > 0 
and x E R(I + AA). We have 
where y  E A Jnx. Note that 
so that / Pyt - J,Py, i/t is bounded. Let {(Pyt, - JtePyt,),t,j converge weakly 
to ZI. Since (Pyt - Jt Pyt )/tn belongs to AJtnPyfn , and smce J,Py, converges 
strongly to J,+%: v  beLongs” to A JABx. 
Since P: E -+ cl(D(A)) . 1s a sunny nonexpansive retraction, (~7, - Py, , 
J(u - Py,)) < 0 for all u E cl(D(A)). Therefore, 
== (‘~3 J(u - Pyi)) - ; (yt - Py, , J(u - f’y,)) 2 (~~3 J(u - Pyt)) 
for all u E cl(D(A)). Since the norm of E is FrCchet differentiable, it follows that 
(JABx + h J(u - JA”x)) 2 (x, Jb - JnB.4) 
for all u E cl(D(A)). Choosing u = &v, we obtain 
( JABx + /\TJ - J+ - Ay, J( Jp - J+c)) :. . 0. 
Hence ’ J,,“x - Jnx j2 < h(v - y, J( J,p - JA\“x)) -< 0 and J,,x = JnBx. 
580’36’2-2 
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Now suppose zc t‘ AZ l’hcn z -t w E H(Z ,- .4), and z = jl(z I- w) : 
jlB(z + w). Hence w = z :. w --- h”(z -j w) belongs to Hz, and R extends iz. 
This completes the proof. 
Theorem 4.2 (partially) improves upon [36, Proposition 2.16; 37, Theorem 
3.1(a)]. Combining it with [36, Theorem 2.8 and Proposition 2.141 we obtain 
the following improvement of [36, ‘I’hcorcm 2.171. 
~ROPOSITIOK 4.3. Let 8 he a Banach space, and /et A he a closed accretize 
set in E x 1: such that R(Z 1. r/l) 3 cl(D(A)) j or all r .:-. 0. Suppose that the 
norm of E is both uniformly G&eaus and Frkhet dif/erentiable, and that the 
norm of E7 is FrEchet dif/erentiable. Let S be the semifroup generated b-v --./I. 
Ij cl(D(.4)) is a nonexpansive retract of E:, then for each x E cl(l)(A)). lim,-, 
S(t).r/t --z’, zchere 2: is thr element (f least norm in cl(R(A)). 
\\‘e do not know if Thcorcm 4.2 remains valid when the assumption that 6 
has a I:r&zhct differentiable norm is omitted. (A different argument [38] shows 
that Proposition 4.3 is true without this assumption.) A somewhat weaker 
cxtcnsion result can however be proved even if I:’ is not assumed to have a 
Frbchct differentiable norm. 
Let a reflexive 1:’ have a uniformly G~tcaus diffcrentiablc norm, Ict an 
accrctive .,I C B s I:’ satisfy R(I -: r-4) 3 cI(D(A)) f  or all positive r, and assume 
that (’ -7 cl(D(A)) is a conves nonexpansive retract of R. Denote the rcsolvcnt 
of ./I by IA . Set -.I, =- U,, ,,,{ [J,,s, (.v - J,,s):‘h]: x c C}. Clearly ,-I, C .-I, 
H(I !- rA1) 3 C for all r : 0, and Jf1.v z JA.Y for s t C. Let ‘1, cl(A1). 
Then again Jf2.r -.= J~‘I.Y for s E C. \Ve claim that ‘4, can be extended to an 
m-accrctivc set I3 with I>(R) C C. 1 ‘o see this, WC apply Theorem 2.1 to F(t) = 
J& where I’: R. + C’ is a nonexpansive retraction. Let .Y belong to C’. Then 
yt (I r (hjt)(Z - J(P))- lx is in C, and y, -: (Ag’t)(j*t -- jl-rt) =- s. Define the 
m-accretive set B as in the proof of Theorem 4.2. Since (J~ -. 1,.v,):‘t belongs 
to -4./,1,, , and since lim, .,, ~1~ lim, ..,,. I,>*( = JA”.v, we SW that [jABi, 
(s - jAex)!A] belongs to .,I, . Thus jA R~ -- Jf2.r for all s in C’. This implies 
that H 3 .g, , and thcrcforc B extends -4,. 
In connection with Thcorern 4. I and the remark following the proof of 
Theorem 2.1, we note that although in smooth Banach spaces sunny non- 
expansive retractions onto arbitrary (closed) subsets, and nonexpansive rctrac- 
tions onto linear (closed) subspaces are unique, nonexpansive retractions are 
not unique in general, even in IIilbert space. 1’0 see this, let K be a subset 
of a smooth Hanach space B, and let I’: I:’ + K be a retraction. Since i’ is both 
sunny and nonexpansive if and only if (1:~ - X, J(u - Z?r)) 3 0 for all x in B 
and u in K, it follows that if P and ,O are sunny nonexpansive retractions, then for 
each .Y in I:‘, (P.Y -.. X, J(_Os - I%)) g.2 0, (f&v - s, /(P.x - Qx)) ;: 0, and 
Z’.r : QT. Now Ict K be a linear subspace of I:’ and P: E + K a nonexpansive 
retraction. If  u belongs to K, then for each .X in E, j .Y - tu I2 + ~(P.x - X, 
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,J(,x ~ tu)) :.> ~ Px - tu 1” S* ~ .Y - tu i2 for all --x i _ t _ : LX. Dividing I~> t 
and letting t -+ &a, we obtain that (Px - x, J(u)) ~7 0 for all u in K. Thus 
P is unique (and in fact, linear). We remark in passing that these two uniqueness 
results are no longer true if E is not smooth. Finally, let B be a Hilbert space, 
K :: {X E E: / .Y - a / < r}, and B -=- {x E E: s ” I a /-:. where n m: 0 
and Y ‘:, 0. Let P, and PR denote the nearest point mappings onto K and l?, 
respectively. Then PKP, is a nonexpansive retraction of I!’ onto km which is 
different from PK . (This simple example can of course bc generalized.) Son- 
evpansivc retractions that are not sunny occur- quitr naturalI\- as limits oi 
iterates of products of sunnv nonexpansive retractions, infinite }3rOdUctS 61f 
resolvents, and asymptotic limits of semigroups. ‘i’hereforc~. it is of intcrcst 
to note that in the setting of Theorems 2.1 and 3.1, the limits lim, ,, (I 
(I ;t)(l ~~~ P)) ‘.v and lim,-.,-(I -1 (A/t)(1 --- S(t)P)) I.Y do nvt tlrpcnd on I’. 
Theorem 4.2 is established by a new method of proof. It can he applictl. 
for example, to operators of the form A : 1 ~~ 7’ wherc~ ‘!’ is nonespansi\.c 
and maps a convex nonexpansive retract C’ of I:‘ into itself (or more generalI\. 
maps C into B and satisfies lim,+,_ d(( 1 - /l).v h7:v. C) h 0 fat- twli 
s 5 C’), and to --d on the positive cone in L”. It Icads to the solution of certain 
variational inequalities. In the setting of Theorem 5. I oi‘ the next sectioll, 
it shows that if C is a nonexpansive retract of R, then therv exist:: an v-accretivc 
set B with D(B) C cl(D(A)) n C such that ~~ B x:encrates thv restriction of 
the semi~roup S to cl(Z1(A)) n C. 
5. hDITIONAL kXXTS 
1Ye begin this section by establishing a simple criterion for a closed convex 
set to hc invariant under a semigroup (cf. [5, Proposition 4.51). The unique 
sunnv nonexpansive retraction mentioned in thy statement IIf the rc?ult exists 
hY [37. ‘I’heorem 2.31 and Theorem 4.1. 
‘Ikeo~e~ 5. I . Let C be a closed convex subset of a Banarh space E, .-I C p; I:’ 
an m-accretke set, J,, its resokent, and S the semiqroup ,oenerated lg* --~.-! WI 
cl(L)(A)). Assume that the norm of E is uniformly Gilteaus d$erentiable and that 
the norm of E” is Frkhet di#erentiable, and let 0: E -+ c\(D(,l)) be the unipr 
sunn>* nonexpa~~si7*e retraction onto cl(L)(A)). TI 7en tlze,follozciry are equizxlent. 
Jh(C)C C for all h I-> 0. (5.1) 
S(t)(cl(LyA)) n C) c cl(D(A)) A c (52) 
,for all t 0, and Q(C) C C. 
Proof. It is clear that (5.1) always implies the first part of (5.2). The proof 
of [37, Theorem 2.31 shows that if (5.1) holds, then C is invariant under the 
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nonexpansive retraction P constructed there. It is, therefore, also invariant 
under (I + (h/t)(l- P))-‘. It follows that C is invariant under the (unique) 
sunny nonexpansive retraction onto cl(D(A)) constructed in Theorem 4.1. 
To prove the converse, we apply Theorem 2.1 with F,(t) = S(t)Q and 
F,(t) = Jt . C is invariant under (I + (A/t)(l - Fr(t)))-1. Consequently, if 
x E C and yt = (I + (A/t)(.Z - pa(t)))-ix, then lim,,,,+y, = lim,,,+(l + (A/t) 
(I - pi(t)))-lx belongs to C. But 
(6 - JAXYX - (2 - Y&4 /(Lx - JtYtN 3 09 
I Jnx - Jt~t I2 G (rt - Jot 3 /(/Ax - Jtudh 
and 
I Jnx - it I G (244 I s -it I. 
Hence (5.1) follows. 
In general Banach spaces, the invariance of C under 5’ does not imply its 
invariance under JA [12, p. 181. 
Let R: E + C be the nearest point mapping onto C. If  the norm of E is also 
Frechet differentiable, then (5.1) and (5.2) are equivalent to (cf. [5, Proposi- 
tion 4.5; 32, p. 5251) 
(AOx, J(x - Rx)) > 0 for all x E D(A), and Q(C) C C. (5.3) 
To see this, denote the distance between x E E and DC E by d(x, D), and 
note that if (5.1) holds, then for x E D(A), j JAx - R J,,x ) < 1 J,,x - JnRx / < 
1 x - Rx /, 2(1,x - x, J(x - Rx)) < d( JAx, C)z - d(x, C)z < 0, and (5.3) fol- 
lows. If  (5.3) holds, then for x E D(A) and almost all t 3 0, 
$ d(S(t)x, C)2 = 2 (& S(t)x, J(S(t)x - RS(t)x)) 
= -2(A”S(t)x, /(S(t)x - RS(t)x)) < 0. 
Thus d(S(t)x, C) < d(x, C) and (5.2) follows. 
Theorem 5.1 and its proof also show that [37, Theorem 6.11 is true even if E 
does not have a weakly sequentially continuous duality mapping, and that 
[12, Proposition 2.21 is true even if cl(D(A)) n {y E X: 1 y  1 < Kand 4(y) < K} 
is not assumed to be compact for all K > 0. 
We continue with the observation that the inequality (2.4) and Theorem 2.1 
lead to an extension of Konishi’s [28] characterization of compact semigroups to 
certain Banach spaces. In this case, however, a different argument [6] shows that 
this characterization is valid in all Banach spaces. On the other hand, we do 
not know if outside Hilbert space the convergence of a sequence of semigroups 
implies the convergence of the resolvents of their generators. 
Let E be reflexive, A C E x E an m-accretive set with a zero, g: [O, co) + 
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[0, 00) a nonincreasing function of class Cl such that J”6 g(t) dt =: CQ and 
lim,,,g(t) = 0, x E E, x,, E D(A), and U: [0, 03) -+ E the strong solution of the 
initial-value problem 
u’(t) + .W) + g(t) u(t) 3 g(t)s, 
u(0) = X” . 
(5.4) 
It is known that under certain conditions, the strong lim,,, u(t) exists and 
belongs to AmlO. This leads to a doubly iterative procedure for constructing 
zeros of A [39]. Here we wish to point out that if E is separable and has a 
uniformly Gateaux differentiable norm, then the method of proof of Theo- 
rem 2.1 yields the existence of lim,,, u(t) for A -z 1 - P where P: E + f‘ 
is a nonexpansive retraction onto a closed subset C of E. 
To see this, let x, = u(tn) with t, --t co. By Lemma 1 .I, there is a sub- 
sequence of (~~1, which we continue to denote by {.A+,:, such that j’(z) 
lim ’ x n-tr, I 11 - z / exists for all z E E. Since Ax, -+ 0, f(z) attains its minimum 
over Eat a point u E C. By Lemma 1.2, lim SUP+~(X - z‘. J(.x,~ - z)) . . 0 for all 
27 E E, and by the proof of [39, Theorem 1. I], lim sup,,,(x, ~~ x, J(sn --~ ?;)) 3.: 0 
for all 3’ E C. Setting x = x and y  --_ U, we see that lim,..., s, == e. Since 
(z, -- x, J(v - y)) < 0 for all y  E C, it follows that lim,-, u(t) exists. 15-e also 
conclude that C is, in fact, a sunny nonexpansive retract of E (cf. Theorem 4.1). 
Theorem 4.2 also yields information on the asymptotic behavior of resolvents 
of accretive operators. The following proposition extends a result of Pazy [33] 
for maximal monotone operators in Hilbert space. 
E'ROPOSITION 5.2. Let E be a Banach space, and let A be a closed accretiw 
set in E i< E such that R(I + YA) 3 cl(D(A)) for all r ;- 0. Suppose that the 
norm of E is both unifmmly Griteaux and Frkchet d$ferentiable, and that the norm 
of E* is Frkhet d@rentiable. Let Jt be the resolvent of A. Jf cl(D(.4)) is a non- 
e.ypansiue retract of E, then for each x E cl(D(A)), lim,._, J,,Y!~ == --P’, ushere ‘7’ 
is the element of least norm in cl(R(A)). 
Proof. Denote d(0, R(A)) by d, and let A, be the Yosida approximation 
of A. On the one hand, lim inf,,, 1 Ap / + d because <il,.r t R(A). On the 
other hand, given E > 0, there is [y, Z] E A such that I z L< d + E. Since 
A,.u ~ - ;4,x - ‘4,~ 1 + / A,y / :,< (2/t) / x - J’ ; i u” , wc obtain lim supt- 
d,a! 1 5. d. Thus we always have lim,-,, 1 J&t / =-: d(0, R(A)). In our case. 
cl(R(A)) has the minimum property by Theorem 4.2 and [36, Proposition 2.141. 
Since E’ has a Frechet differentiable norm, it follows that lim,~_, ,-I+ :’ 
(cf. [21, p. 5551). 
Propositions 4.3 and 5.2 show that S(t)x/t and J,x/t behave in the same wa!- 
when t -s cc. But other aspects of the asymptotic behavior of semigroups and 
resolvents arc different. For example, although analogous results do not hold 
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for all semigroups [2, p. 71, we also have lim,,, AOj,x = VI, and if E is uniformly 
convex and cl(D(A)) is convex, then A is zero free if and only if lim,-, 1 Jtx 1 = co 
for all x in cl(D(A)). 
Proposition 5.2 can be applied to the analysis of certain iterative methods. 
Finally, in connection with Theorem 3.4, we present an example of an 
m-accretive set A in E = CIO, I] with a convex cl(I)(A)) that is not a non- 
expansive retract of E. Let Au = -u” with D(A) = (U 6 C[O, I]: U” E C[O, I] 
and u(0) = u(1) = O}. A is m-accretive, but cl(L)(A)) = (U E CIO, 11: U(O) = 
u(1) = 0} is not a nonexpansive retract of CIO, l]. To see this, suppose that 
P: E - cl(D(A)) is a nonexpansive retraction, and let f~ E equal 1 for all 
0 < .z < 1. Since Pf(0) = 0, there is 0 < x0 < 1 such that Pf(x,) < 1. 
Let g E cl(D(A)) satisfy g(xO) = 2 and 0 < g(x) < 2 for 0 < s & 1. We have 
1 Pf - J’q 1 > 4f(xo) - Pg(xo)I = 1 Pf(xo) - g(xo)i > 2 - I := 1, but 
If-gi < 1. 
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Note added in proof I. A converse to a known result of J. A. Goldstein is established 
in my paper, Convergence and approximation of nonlinear semigroups, J. Math. Anal. 
Appl., in press: in a reflexive Banach space with a uniformly GBteaux differentiable norm, 
the convergence of a sequence of semigroups implies the convergence of the resolvents 
of their generators. This solves a problem that was left open in Section 5. A weaker result 
has been recently obtained by Y. Kobayashi. The same paper also contains a proof of 
the converse to Theorem 2.1 mentioned in Section 2. 
2. In the setting of Propositions 4.3 and 5.2, suppose that the norm of E is uniformly 
GSteaux differentiable and that the norm of E* is Frechet differentiable. Let ZI be the 
point of least norm in cl(R(A)). Th en for each x in cl(D(A)), lim,,, S(t)x/t = liml+m 
Jtx/t = -0, even if cl(D(A)) is not a nonexpansive retract of E. For this, as well as for 
related results, see my papers entitled, A solution to a problem on the asymptotic behavior 
of nonexpansive mappings and semigroups, l’roc. /upan Acad., in press, and, On the 
asymptotic behavior of nonlinear semigroups and the range of accretive operators. 
3. Let E be a uniformly smooth Banach space, A C E x E an arbitrary m-accretive 
operator, and u:[O, co) -E the strong solution of (5.4). If 0 E R(A), then the strong 
limtdn u(t) exists and belongs to A-IO. This is proved in my paper, Strong convergence 
theorems for resolve&s of accretive operators in Banach spaces, 1. Math. Anal. Appl., 
in press. 
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